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Abstract—This paper proposes a novel peak to average power
ratio (PAPR) reduction scheme that requires no side information
in orthogonal frequency division multiplexing (OFDM) systems.
Unlike the selective mapping (SLM) or the partial transmit se-
quence (PTS) scheme, the proposed scheme deals with post inverse
fast Fourier transform (IFFT) symbols and thus requires only a
single IFFT processor in the transmitter. Compared to other con-
ventional schemes implemented with a single IFFT processor, such
as the circularly shifted phase sequences (CSPS) or the optimised
circularly shifted phase sequences (OCSPS) method, the proposed
scheme achieves an even lower complexity since only phase rota-
tion and cyclic shifting of OFDM symbols are performed. More
importantly, the proposed scheme significantly outperforms the
CSPS and the OCSPS methods in reducing PAPR as shown in sim-
ulation results. An added benefit of the proposed scheme is that
it employs a linear receiver, such as a maximal likelihood (ML)
detector, a minimum mean square error (MMSE) estimator, or a
zero forcing (ZF) estimator, to demap quadrature amplitude mod-
ulation (QAM) symbols. Especially the ML detector demaps the
QAM symbols with no side information. Simulation results also
show that the bit error rate (BER) of the proposed scheme has no
loss when the ML detector, the ZF or the MMSE estimator is used
with hard-decision compared to that of the conventional OFDM
system without any PAPR reduction scheme over Rayleigh fading
channel.

Index Terms—Circularly shifted phase sequences (CSPS), com-
plementary cumulative distribution function (CCDF), optimized
circularly shifted phase sequences (OCSPS), orthogonal fre-
quency division multiplexing (OFDM), partial transmit sequence
scheme (PTS), peak-to-average power ratio (PAPR), time-domain
processing.
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I. INTRODUCTION

RTHOGONAL FREQUENCY DIVISION MULTI-
O PLEXING (OFDM) has recently been widely adopted
in various wireless communication standards, such as terres-
trial digital video broadcasting (DVB-T) and wireless local
area network (WLAN), thanks to high spectral efficiency and
robustness especially in a frequency selective channel envi-
ronment [1]-[3]. Because of the inherent Fourier transform
operation, where numerous sinusoidal waves of different fre-
quencies and phases are constructively or destructively added,
the output signal fluctuates with high peak-to-average power
ratio (PAPR), which requires the transmitter to use a linear high
power amplifier (HPA) with a wide linear region so as to avoid
the output signal distortion [4].

Many PAPR reduction schemes have been proposed during
the last decades, where most of them achieve a reduced PAPR
at the expense of a high computational complexity or an explicit
transmission of side information (SI). Among those are ampli-
tude clipping [5], [6], coding based schemes [7]-[9], tone reser-
vation (TR) [10], tone injection (TI) [10], active constellation
extension (ACE) [11], selected mapping (SLM) [12] and partial
transmit sequence (PTS) [13]-[18]. Note that the need of SI de-
creases the spectral efficiency in general when it is transmitted
through a dedicated channel. In [19], Breiling et al. proposed a
scrambling scheme which inserts several bits at the end of the
data bit stream before scrambling. This scheme does not require
an explicit SI transmission but the spectral efficiency is still re-
duced due to the inserted bits. Some PAPR reduction schemes
[20], [21] do not require SI, but they are applicable only to pilot
based OFDM systems.

High computational complexity is another main issue in the
design of PAPR reduction schemes. The circularly shifted phase
sequences (CSPS) and the optimised circularly shifted phase
sequences (OCSPS) methods proposed in [22] offer a lower
computational complexity than the conventional PTS scheme,
while the PAPR reduction performance of those schemes is
close to that of the conventional PTS scheme. Another PAPR
scheme with reduced complexity is the time domain symbol
combining (TDSC) scheme proposed in [23], where several
post-IFFT symbols are combined in various ways and normal-
ized in power before transmission in order to reduce PAPR by
utilizing the fact that each post-IFFT symbol is independent
from the other. However, the TDSC scheme has a shortcoming
in that the bit error rate (BER) performance is degraded because
of a varying output symbol power when combining post-IFFT
symbols.
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Motivated by the fact that time-domain processing of post-
IFFT symbols is implemented with only a single IFFT pro-
cessor, this paper proposes a novel PAPR reduction scheme per-
formed in time domain with lower complexity. Similar to the
other PAPR reduction schemes, such as CSPS and OCSPS, the
proposed scheme generates a number of different representa-
tions each possibly with a different PAPR from a post-IFFT
symbol to give the diversity in PAPR. The proposed scheme
consists of two successive stages, which are phase rotation and
cyclic shifting by an offset. More specifically, at the phase ro-
tation stage the output symbol from IFFT is rotated in a com-
plex constellation domain by a certain degree. Subsequently, at
the cyclic shifting stage the quadrature component of the output
symbol from the phase rotation stage is cyclically shifted by a
certain offset, which is similar to offset-PSK (OPSK) modula-
tion except that the offset is large and variable in the proposed
scheme. We obtain the diversity in terms of PAPR by repeating
the two successive stages, while changing the value of the offset,
for a given times in an iterative fashion.

The intuition behind this iteration of two stages is as fol-
lows. The phase rotation of a post-IFFT symbol contributes
each sample in the symbol to redistribute the power of the
sample between the in-phase and quadrature components. In
other words, the amplitude of the in-phase or the quadrature
component can be reduced after the rotation. On the other
hand, the cyclic shifting of the quadrature components of a
post-IFFT symbol realigns the quadrature samples in time
(in-phase components are intact). Since the average power of
post-IFFT symbols does not change by the cyclic shifting, this
cyclic shifting stage aims to reduce the peak power and further
reduce the PAPR by separating the in-phase samples with high
amplitudes and the quadrature samples with high amplitudes
such that they are not aligned. This two step procedure of
first reducing the amplitude of in-phase or quadrature samples
and then realigning the quadrature components are done in an
iterative fashion to continue reducing the PAPR effectively.

Furthermore, the proposed scheme allows the receiver to use
a maximal likelihood (ML) detector to decode source symbols
without SI [24], [25]. A minimum mean square error (MMSE)
or a zero forcing (ZF) estimator can be used in the receiver if SI
is available at the receiver. It is shown that the decoded bits by
the ML detector (or by the ZF or the MMSE estimator) have no
bit error rate (BER) loss compared to the BER performance of
the OFDM system without any PAPR reduction scheme over
Rayleigh multipath fading channel. More importantly, exten-
sive simulations reveal that the proposed scheme offers a lower
PAPR than the conventional schemes using a single IFFT such
as the CSPS and the OCSPS methods.

This paper is organized as follows. Section II reviews the
representation of OFDM signals and PAPR in both continuous
and discrete time domains. Section III introduces the proposed
scheme along with the analytical formulation of the design.
The computational complexity of the proposed scheme is also
compared with those of the CSPS and the OCSPS methods.
Section IV provides the detailed description of the receiver
structure, where the ML detector, the ZF and the MMSE esti-
mators for the source symbols are derived. Section V presents
simulation results, followed by the concluding remarks in
Section VI
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II. OFDM SIGNALS AND PAPR

In OFDM system, a data block of N symbols, denoted by
X = [Xo, X1, -+, Xn_1]", is modulated by a set of orthogonal
subcarriers, {fi, k = 0,1,---, N — 1}, where T denotes the
transpose. In order to preserve the orthogonality, the spacing
between neighboring subcarriers A f is set to be a multiple of
%, e, Af = m% where T’ is the duration of an OFDM symbol
and mn is a positive integer. We set 1 to be the least positive
integer, i.e., m = 1, in order to make full use of the bandwidth.
Then the transmitted OFDM symbol is given by

N-1
1
w(t)= ——= > Xpexp(j2nfit), 0<t<T. (1)
N k=0

The PAPR of the transmitted OFDM symbol is defined in
continuous time domain as

maxg<t<T |’I'(f,)|2

T B .
% jo |~L(7L)|2 dt

PAPR =

2

But since practical OFDM systems are implemented by IFFT,
the PAPR is often measured in discrete time domain, where the
time domain samples are assumed to be oversampled by a cer-
tain factor Wl. Then we can define the PAPR for the sampled
OFDM symbol with over-sampling factor, W, as

mMaxpo<n<NW-—1 |LEn|2

PAPR =
E{lzn]?]

)
where £[-] denotes expectation.

III. PROPOSED PAPR REDUCTION SCHEME

The proposed scheme, similar to the CSPS and the OCSPS
methods, performs time-domain processing of generating
multiple candidate symbols and selects the one with the lowest
PAPR.

A. Structure of the Proposed Scheme

Fig. 1 illustrates the general transmitter structure of the pro-
posed scheme. As shown in Fig. 1(a), the output symbol of the
IFFT processor is processed by multiple in-phase and quadra-
ture recombination (IQRC) blocks. In each IQRC, the quadra-
ture component with a different offset is (re)combined with the
common in-phase component. Fig. 1(b) shows an IQRC block
in detail, which consists of multiple subunits dubbed joint rota-
tion and offset (JROF). Assume that the total number of IQRC
blocks is U, where the uth IQRC is denoted by IQRC — wu,
u = 1,---,U. Each IQRC has L JROFs, where the /th JROF
is JROF — 1,1 = 1,---, L. Including the original post-IFFT
symbol, L x U 41 different representations of an OFDM symbol
are generated by U IQRCs each with L JROFs. Among those
L x U 4 1 generated symbols, the signal with the minimum
peak power (or PAPR) is selected to be transmitted.

At the phase rotation stage, each time domain sample of an
OFDM symbol is rotated in complex constellation by pre-deter-
mined degrees. Although the rotation process does not change

Note that four time oversampling, i.e., W = 4, is enough to represent accu-
rate PAPR [24].
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Fig. 1. The transmitter structure of the proposed scheme. (a) The overall structure equipped with I IQRC. (b) The structure of the «th IQRC generating multiple

candidate signals x{", x{") .- x{").

X[ Vo Vi V2 VN2 | VN-1

Xq Wo Wi W Wn2 | WN-I
offset

Y Vo Vi VN2 | VN-1

Yo | WNm [WNem+l ‘ WN-1 ‘ Wo ‘ Wi ‘ WN-m-2 | WN-m-1

Fig. 2. The process in the offset stage with the offset, m, the

in-phase and the quadrature input vectors, x; = [vp,v1, -, Un_1]
and xg = [wo,wi, -+, wn_1], the in-phase and the quadra-
ture output vectors, Yy, = [Uo, VL, Un - 1] and yg =
BNy WN 1y s WON 15 W0 Wit N g2 WN 1] -

the power of the samples, the in-phase and the quadrature am-
plitudes may be changed by rotation. For example, a sample
0.1 + 70.9 becomes —0.566 + 70.707 after counter-clockwise
rotation of 7 degrees, where the amplitude of the quadrature
component is decreased. Note that the goal of the phase rotation
stage is to suppress the peak amplitude in the incoming samples
such that the peak power is reduced eventually.

Although the phase rotation adjusts the amplitude of the
in-phase and the quadrature components, it does not change
the power of the samples. But if it acts jointly with a cyclic
shifting of the components, the peak power can be effectively
reduced. Fig. 2 depicts the cyclic shifting stage, where the
quadrature component of the output samples from the phase
rotation stage is cyclically shifted in time by a certain offset and
then combined with the in-phase component in a mis-aligned
manner. This operation in fact is similar to that of offset-PSK
modulation except the fact that the offset can be a variable.
By cyclically shifting the quadrature component, while the
in-phase component is intact, this stage aims to achieve a

mis-alignment of the in-phase sample with high amplitude and
the quadrature sample with high amplitude.

Consider an OFDM symbol, which is the output of the IFFT
processor, denoted by xg. Using x as the input symbol, each
IQRC block performs L JROF subblocks in a boot-strapping
fashion, where JROF-1 is first executed and then JROF-2 is
carried out using the output symbol from the JROF-1, and so
on, which is illustrated in Fig. 1(b). The output symbol from
JROF-{ in IQRC-¢ is denoted by xl(“) = [.Ll(%) e ,:L'l(_IfN)T_l}T,
forl =1,---, L. Inother words, XS“) is the output from JROF-1
for the input xg, and Xg”') is the output from JROF-2 for the input
xgu) , and so on. In this fashion, X(L"') is generated after L different
JROF processes one after another.

Let fg‘mfu) (+) denote a function for the JROF-/ in IQRC-u,

where # and m,F"') denote the angle of the phase rotation and
the offset of the cyclic shifting, respectively. Assuming that the
phases of all the samples in the input symbol are random, or
uniformly distributed between 0 and 27, we consider 6 to be a
constant value, whereas the offset ml(“) is variable depending
on [ and u. Based on these, the output symbol from JROF-/ in

IQRC-u can be expressed in a recurrence equation as
= 0 (9) =1L w=1U @)
Yy

(u)

where x; ~ = xo regardless of u. We can rewrite (4) as
u (1 -
= 5O (x0), I=1-.L ®)
2
where
!
Pyt (50)
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is a nested function of f, (u) (),
0,777,l

Since x!"’

() with a varying offset m,

is a complex vector, it can be written as

=™ 4™ i=0 L w=1,-, U (7)

(u)

where v, = [0 1(,16)» (u) T

U N and w; =
[wl(_%) wl(uN), J*  represent the in-phase and the
quadrature components, respectively. Substituting (7) into (4),
we can rewrite (4) as

) e
= Vl(f)l cosd — l< )1 sin @
)

+JP, (vl( sin # + Wl( )1 Cos 9) (8)
{

where Pm(n) denotes the N x N circular permutation matrix
. g
given by

ml(“') .megu) ‘ I 5 “)
)
‘ O]\Tfm,](“)Am,gu)

I\"fm,gu)
where I,,, and O,,, ,, denotes m X m identity matrix and m x n
zero matrix, respéctively. Note that the function fﬁ,mﬁ"") (Yisa
nonlinear process for a complex input vector.
For notational brevity, we rewrite x; "’ into a matrix form as

()
7" = [Vl( )]
: ol
() ()

where v, and w; " are the in-phase and the quadrature compo-
nents, respectively. We call (10) as a split vector since the real
and the imaginary components are separately expressed in one
column. The matrix corresponding to the function fg fw) for

w5
%

(10)

is then found as

Lcosd | —Isind
me sin 6 ‘ Pm<u) cosf (1)
1 1

R, =

8,

where I denotes N x N identity matrix. Although the size of
Rg.mm is 2V, its components are real and nonzero values exist
sparslely and regularly in the matrix, which allows a low com-
putational complexity. Then we can rewrite (4) and (5) as

S(u) - (u)
X _R9 nL{u)Xl 1

=Gz, (12)

where

G(u)

HR

@, 1= L (13)

is a matrix for the composite function fe(l) -
5ml
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TABLE I
THE RANDOM SEQUENCE, S, FOR THE OFFSET ")

{75, 209, 122, 32, 30, 233, 101, 179,
145, 32, 240, 137, 32, 162, 27, 113,
243, 67, 124, 253, 50, 75, 131, 112,

249, 229, 36, 48, 20, 117, 13, 234,

10, 153, 69, 230, 216, 173, 224, 239,

191, 195, 100, 84, 183, 39, 42, 34,

26, 47, 114, 111, 75, 34, 57, 76,

3, 234, 86, 187, 41, 193, 241, 29}
Since X( 9 is generated from X( ) in an iterative fashion, i;"')

may be statistically correlated w1th xl(il in terms of PAPR. If
more than one candidates look alike, then those candidates will
result in an almost identical PAPR, which degrade the PAPR
reduction performance. Thus, the phase rotation and the offset
should be carefully selected to obtain improved PAPR reduction
performance.

To improve the PAPR reduction performance of the proposed
scheme, we pursue two different steps. First, we select the offset

m§ “ from randomly generated sequences. Table I shows the

(u)

random sequences used in this paper. The offset m, "’ is ex-
pressed as
7nl( )_ (ufl)L+la lzla""/La U:1/1U (14)

where sy, is the kth element of S in Table 1. Note that randomly
generated sequences can be easily implemented by a pseudo
random sequence generator based on shift registers. Hence, we
assume that both the transmitter and the receiver know upfront
these random sequences generated based on an agreed upon
seed. Since the effects of an offset on the PAPR reduction per-
formance are hard to theoretically analyzed, we show by nu-
merical simulations that the best offset is a random sequence in
Appendix A.
Second, we determine the value of § as follows:

=—.

1 (15)

The proof for (15) is provided in Appendix A. From complexity
point of view, this choice of parameters has much advantages.
In the next section we analyze the complexity of the proposed
scheme in more detail.

B. Proposed Scheme With Reduced Complexity

Consider that computational complexity is quantified by the
number of complex multiplications required for the processing.
Using (15), we can simplify (8) as

23 1 k13 . u u
Xl( ) \/5 { l( )1 Tl(f)l —I_ijE"') (Vl(f)l _|_ Wl(,)l)} (16)

which only requires two real additions in order to find xfu

Xl( )1, while (8) requires a complex multiplication by exp(46).
Considering that a scaling factor of —= is a constant, we can

, V2
rewrite (16) as

) from

£ =9 =l 4GP (Vl(“)l +wl® >> (17
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Fig. 3. The transmitter structure of the proposed scheme with reduced complexity. (a) The simplified structure equipped with I’ SIQRC. (b) The structure of the

.

uth SIQRC generating multiple candidate signals x ‘cl B xg Lo xS 0l

where the input vector, %"} = ¥} + jw{"), and the ini-

tial OFDM symbol, Xé W X(()“). We can derive that )'(l(“) =

\/ilxl“') from (16) and (17). Since the power of X," ) becomes
u(“)

twice as [ increases by 1, the signal with minimum PAPR x
is selected as following:
o (w) L S
X, ?PI (18)

= arg min
X(u)

1

where Pl(“) = ||xlu) I|.- It is clear from (17) that infinity norm
computations are required as many as the number of the candi-
date symbols. The computed results are scaled down by % since
the power of Xl( “) is 2! times larger than that of xg“).

Fig. 3 shows the transmitter structure based on (17) and (18),
where the simplified JROF (SJROF) and the simplified IQRC
(SIQRC) replace the JROF and the IQRC, respectively, to re-
duce the complexity. Similarly, the add. & sub. block is im-
plemented instead of the phase rotation. The selected candidate

symbol, %)

create Xl( ) . Thus, it is clear that the scaling is required only once

regardless of the number of candidate symbols.

1
, is scaled down by (%) before transmitting to

C. Comparison of Computational Complexity

Since the scaling down process is done only once per
sample after the symbol with minimum PAPR is determined,
the number of such a scaling computation for the proposed
transmitter is N in total, which corresponds to % complex
multiplications. Furthermore, when / is an even number the
scaling computation is a division by a power of 2. Since scaling
by a power of 2 can be simply implemented by shifting the
value in bits, we do not take this into account. Thus, the number
of complex multiplications for the scaling computation turns
out to be %

Table II summarizes the number of complex multiplications
to generate candidate symbols for the proposed scheme, the

TABLE II
NUMBER OF COMPLEX MULTIPLICATIONS TO GENERATE MULTIPLE CANDIDATE
SYMBOLS OF THE CSPS, OCSPS METHODS, AND THE PROPOSED SCHEME
EXCEPT THOSE FOR IFFT OPERATION

Number of equivalent

Scheme Main computation complex multiplications
CSPS One Ns-point IFFT and N logy Ns + N.N
generating N candidates +(Ns —1)2N
OCSPS Generating Ny candidates NgN
Proposed Scaling operation N
scheme transmitting the signal 4

TABLE III
NUMBER OF COMPLEX MULTIPLICATIONS INCLUDING N, INFINITY NORM
COMPUTATIONS WHEN THE NUMBER OF SUBCARRIERS IS 256 AND THE
NUMBER OF CANDIDATE SIGNALS IS 16 AND 64 FOR THE CSPS AND
OCSPS, RESPECTIVELY, LE., N = 236, N, 16 FOR
CSPS, AND N, = 64 FOR OCSPS

Number of equivalent

Scheme complex multiplication

CSPS 63776

OCSPS 24576
Proposed scheme with Ns = 16 2112
Proposed scheme with Ny = 64 8256

CSPS and the OCSPS methods. In addition, all these schemes
require Ny infinity norm computations to find the best symbol
with respect to the PAPR. Since the number of real multiplica-
tions of one infinity norm is 2N, we can simply know that the
equivalent number of complex multiplications for N, candidate
symbols is % +IN. Table III shows an example for the number
of complex multiplications including the N, infinity norm com-
putations when N = 256. It is clear that the computational com-
plexity of the proposed scheme is much lower than those of the
CSPS and the OCSPS methods.
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Fig. 4. The receiver structure for the TDSC scheme operated in time domain.

IV. RECEIVER STRUCTURE FOR THE PROPOSED SCHEME

In this section, three simple receiver structures for the pro-
posed scheme are introduced. We first examine the system
characteristics of the receiver processing in frequency domain.
Then, we derive the ZF and the MMSE estimators for the
source symbols. In addition, the ML detector for the source
symbols is also derived, since the ML detector blindly decodes
the transmitted signal without SI.

A. System Characteristics

The time domain PAPR reduction schemes such as the time
domain symbol combining (TDSC) [23] or post-IFFT PAPR re-
duction schemes [26], [27] have high receiver complexity due
to an additional IFFT and FFT pair required at the receiver.
Fig. 4 depicts the receiver structure of such schemes. The shaded
blocks, which consists of an IFFT and a FFT, are additional costs
increasing the complexity. Since the proposed scheme is also a
time-domain PAPR reduction scheme, the receiver structure in
Fig. 4 can also be used for the proposed scheme. But, instead,
the proposed scheme can use a very simple structure, where the
shaded blocks can be replaced by only 2(N — 1) complex mul-
tiplications. Details of the simple receiver structure is provided
in the following.

Let us denote the channel response and the noise vector in
frequency domain by H = [Hg, Hy,--- ,HN,l]T and n =
[ng,n1, - ,nx_1]T, respectively. We assume that the length
of cyclic prefix is long enough to cope with the delay spread of
channel. Then the received signal through the multipath fading
channel is expressed in frequency domain as

Y=He DNfe”fnm (DA*X) +n (19)
(e
where & denotes element-wise multiplication, and Dy is a DFT
matrix given by

[ 11 1 1 ]
N-1

1 Wy w2 . V\Qf& !

Dy= |1 W% Wt WX

i W:T_l W%NJ) W(’\L;\Li)(NA)
. ) (20)
where Wx = 77 ¥ is a well-known twiddle factor.

Similar to the steps in (5)to (12), the source symbol X is first

expressed as a split vector as

- )

- Im(X) | D)

Likewise, Y and i are defined as [Re(YT) Im(YT)]T and
[Re(n') Im(nT)]T, respectively. In addition, a DFT matrix is
rephrased as

. Re(Dy Im(Dp
DN:[ (Dx) | Im “)} 22)
~Im(Dy) | Re(Dy)
and an IFFT matrix can also be easily derived as
. 1
Dy' = ﬁD}. (23)
Similarly, the channel matrix is expressed as
. Re (diag(H —Im (diag(H
H:{ (.g( )| (. g( ))} 24
Im (diag(H)) | Re(diag(H))
Then we can rewrite (19) as
Y =HDNGMDL' X + i
=AF"X + i (25)
where
ol -
Fi = NDNGI( DY (26)

We can see from (25) that Fl(") is a precoding matrix for the

V) exhibits some

input split vector X. It is worth noting that Fl(l
useful properties, which are listed as follows.
Property 1:
(a) Fgu) consists of four submatrices and each of them is a
sparse matrix called X-matrices. The definition of X-ma-
trix is given in Appendix B.
(b) Fgu)f( induce that X; and X n_; share two subcarriers.
(¢) i) is an orthogonal matrix, i.e., F{") g F,F“)T.
These properties are proved in Appendix B based on some
properties of circulant matrices and the orthogonal matrices.

B. Zero-Forcing and MMSE Estimation

If the SI is available at the receiver, a simple estimation for
the source symbol can be done by a ZF or an MMSE estimator.
Using the property that Fl("> is an orthogonal matrix, the ZF
solution is derived as

Xzp =H 1Y
_ -1y Q27)
-1

where ﬁeﬂ‘ denotes the effective channel matrix given by I:Ieﬁ' =
AF (). The (27) shows that Xz is obtained by just multiplying

T ~ ~
by Fl(“') on the equalized signal H1Y . Since each of the four
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U T . . . . u T
submatrices of F; V" is an X-matrix, multiplying by F,( ) re-

quires 8(N — 1) real multiplications which are equivalent to
2(N — 1) complex multiplications. Thus, the ZF estimator can
be implemented with very low complexity.

For the effective channel, the MMSE solution is known as

(Alefleg +a1) BV
art) " (FF™) + a1 - ar)' v
(ry”) () (1)

: .
- (Fl(“') AuF™ aI)

XMMSE =

1 T .
F HTY (28)

where « 1s the inverse of SN$ and Ay denotes
OO0 = diag((h/>)"(h?)"] ). Using the ma-
trix inversion lemma, namely (A4 + BCD) ! =
AL — AIB(CTY + DATIB) 'DA™!, and the fact that
F;w is an orthogonal matrix, (28) is simplified as

N 1~ (T B o~
XMMSE = EFl( ) (I — (OAAH + I) 1) HTY (29)

where (aAy + 1) is a diagonal matrix and H' has the same
structure as H in (24). Therefore, XynsE can also be computed
with very low complexity.

C. Maximal Likelihood Detection

Most of the conventional PAPR reduction schemes assume
that SI is sent through the dedicated channel in order to help the
receiver decode the transmitted symbols. In practical systems,
however, the SI transmission is not an easy or simple task. An SI
has to be reliably delivered to the receiver every time an OFDM
symbol is transmitted. But the SI can not be included in the reg-
ular OFDM symbol, it may be thus necessary to use a dedicated
channel for the SI if possible, which sacrifices the overall spec-
tral efficiency. Therefore, it is highly desirable from practical
system’s point of view to design a PAPR reduction scheme that
does not need SI. Motivated by this, we design a receiver that
demodulates the transmitted source symbols without SI in the
ML fashion.

Let us denote the set of the JROF index as L = {0,1,---, L},
the set of the IQRC index as U = {1,2,---,U} and the se-
quence of split constellations as C' = {cg,¢q -+ - con 1}, where
e+ jegan € Q for0 < k < N — 1. The split source symbol,
X e ¢, is mapped from a constellation () such as M-ary quadra-
ture amplitude modulation (QAM). The ML detection metric for
the source symbols is given by

(30)

min

A A H?fﬁﬂMx
leL,4eU,XeC

where [ , 1, and X are , u, and X minimizing the ML metric,
respectively.

The complexity for computing (30) is very high since the
minimization is done for the vector X with length N. However,
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if we note the property that F,S“') makes X; and X 5 _; share two
subcarriers, we can simplify (30) as

N/2-1
. . <7 s (u) <
_ min _ min ’Y\l,i —Hy Fi g X, 31)
leLaeU =5 Xg,€Coy,
where U;, fori = 0,1,---, & — 1, is a set of indices which

2
satisfies the condition that

\I]i:{{(k,kﬂk:i,Ni,N+i,2Nz‘}, 193%71

{(k,k)|k=i,N + i}, 1=0
(32)
for matrices or
g. = Jikk=0N i, N+i2N i}, 1<i< ¥ 1
C U {klk =4, N + i}, i=0
(33)

for both vectors and sequences. For1 < ¢ < % -1, ?\pi , X,
and Cy, in (31) represent

Y, Yin_i Y N4 Yion_i
o Yyv_ii Yv_in—i Yn_inyi Yn_ian—i
Yo, =| & - - - (34a)
Ynyii Yngin—i Ynyinyi Yvyion—i
Yon_ii Yon—in—i Yon—iNti YoN—ioN—i
o o5 o o T
X, =[Xi, Xn_i, Xnvyir Xov_i] (34b)
and
Cy, ={ci, env—i, CNyis Can—if (34c)

respectively. Fori = 0, Yy,, Xy,, and Cy, in (31) represent

o Yi Yi v

Yo = | ~ ~ 35a
v ‘Ntii YN4i N+ (352)
Xy, =[Xi, Xnpi]® (35b)
and
C\p2 = {Ci, CN-I-Z'} (350)

respectively. Fig. 5 shows the ML detector structure. We can
find the SL [ and i, and the best X satisfying (31).

If SI is given at the receiver, i.e., both  and « are known, we
minimize the ML metric with respect to only Xq, Thus, (31)
can be further simplified as
N
2

- 1.

’?\Ijl - I:I\I/Z FI(U\IZVX\I”

_ min
X\yi Ecxyb

;o 0<4< (36)

By well-known near-ML detection methods such as the
sphere decoding, the computational complexity for solving
(31) and (36) can be reduced, although the specific algorithm
of the sphere decoding is out of the scope of this paper.

V. SIMULATION RESULTS

This section presents the simulation results including the
complementary cumulative distribution function (CCDF) of
the PAPR and the BER of the proposed scheme. We assume
that the number of subcarriers is 256, i.e., N = 256, and both



3664 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 7, JULY 2012
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Fig. 5. The proposed ML detector for the transmitted source symbol.
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Fig. 6. Performance comparisons among no PAPR reduction, the CSPS
method, the OCSPS method, and the proposed schemes with .V, 17,
N, = 65, N, = 16 and N, = 64 in terms of the CCDF of PAPR when
N = 256, the oversampling factor, W' = 4, and QPSK mapping are used.

the quadrature phase shift keying (QPSK) and the 16-QAM are
used for the OFDM symbols.

A. PAPR Reduction Performance

The PAPR reduction performance is commonly measured by
CCDF for the PAPR reduction schemes. The CCDF presents the
probability that the PAPR of an OFDM symbol is larger than a
given threshold value, which is expressed as

Prob[PAPR > PAPRrH]|. 37)

The PAPR reduction performance of our proposed scheme is
compared with the CSPS and the OCSPS methods since they
also aim at low complexity and high PAPR reduction perfor-
mance. The simulation results are presented in Fig. 6. We con-
sider the cases that the number of candidate symbols are 16
and 64 for the CSPS and the OCSPS methods, respectively,
which are the most superior cases in terms of the CCDF of the
PAPR as presented in [22]. Since the proposed scheme gener-
ates L x U + 1 candidates, we consider the cases of (/' = 2,
L =8),and (U = &8, L = 8), which make 17 and 65 candidate
symbols, respectively. Note that the offset ml(“) is tabulated as
a function of u in Table 1.

Fig. 7. Performance comparisons among no PAPR reduction, the CSPS
method, the OCSPS method, and the proposed schemes with N, 17,
N, =65, N, = 16, and N, = 64 in terms of the CCDF of the PAPR when
the IFFT size N = 256, the oversampling factor ¥~ = 1, and QPSK mapping
are used.

Fig. 6 compares the CCDF of the PAPR of the proposed
scheme when N, = 17 and N, = 65 against those of the CSPS
and the OCSPS methods when the oversampling factor is 4, i.e.,
W = 4. The proposed scheme with N, = 17 and N = 65
outperforms the CSPS and the OCSPS methods by far. For a
fair comparison with the CSPS and the OCSPS methods, we
also plotted the proposed scheme with N, = 16 and N, = 64
(see dotted lines). In those cases, the original OFDM symbol x,
is excluded from the candidates. Interestingly, the performance
results show that excluding the original OFDM symbol rarely
affects the performance. In other words, the proposed schemes
with N, = 16 and N, = 64 still overwhelm the conventional
methods. In Fig. 7, the CCDFs of the PAPRs are depicted when
the oversampling factor is 1, i.e., W = 1. This shows the same
order of curves as those in Fig. 6.

B. System Information Detection and BER Performance

The proposed ML detector needs to detect SIs accurately,
which otherwise can not decode the transmitted OFDM sym-
bols. Thus, it is important to examine the rate of correct detec-
tion of SI. Assume that the systems undergo Rayleigh multipath
fading channel with 10 channel taps, each of which is complex
Gaussian distributed, and the channel has unit power in total. We
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Fig. 8. Probability that SI is correctly decided among the proposed schemes
with (/' = 2, L = 8),and (U = 8, L = 8) over the Rayleigh 10-tap frequency
selective channel when the IFFT size, N = 256, and QPSK mapping are used
versus average SNR [dB].
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Fig. 9. Bit error rate performances of the unprocessed OFDM transmission and
the proposed scheme for the ML detector, the hard decisions with the MMSE and
the ZF estimators with N, = 63 over the Rayleigh 10-tap frequency selective
channel when the IFFT size, N = 256 versus average SNR [dB]. Both the
QSPK and the 16-QAM are used.

also assume that cyclic prefix is larger than the channel length
(delay spread) and the channel state information (CSI) is fully
available at the receiver. Fig. 8 shows that the proposed scheme
detects SIs by the ML metric in (31) with high accuracy when
the average SNR is higher than 4 dB.

Based on the assumptions on the channel, BER performances
are evaluated for various receiver structures when both the
QPSK and the 16-QAM are used as a subcarrier modulation.
Fig. 9 plots the BER performances for these various receivers.
For comparisons, the BER performance of the OFDM system
with no PAPR reduction is also plotted where ZF equaliza-
tion is assumed. The BER performances of the ZF and the
MMSE estimator with hard decision are nearly the same as
that of OFDM systems with no PAPR reduction scheme for the
16-QAM, but the MMSE estimator for the QPSK shows 1.0 dB
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—1.5 dB superior BER performance to the no PAPR reduction
scheme. The ML detector outperforms by far both the ZF and
the MMSE estimators with hard decision.

The reason why the ML detector outperforms the other esti-
mators is that two source samples in the original OFDM symbol
share two subcarriers. In other words, two samples are loaded to
the corresponding two subcarriers, which mitigates the adverse
effect of the frequency selectivity. In both CSPS and OCSPS
schemes, the PAPR reduction processes do not affect the BER
performances since they are based on PTS scheme. Thus, we do
not consider BERs of both CSPS and OCSPS schemes.

Since the purpose of the PAPR reduction is to avoid the signal
distortion after the signal is passed through HPA, in this paper,
we consider the nonlinear effects of HPA on the BER perfor-
mance of our proposed scheme. As a HPA model, we use the
Rapp’s formula for the solid state power amplifier (SSPA) that
is given as [28]

Tin - % (38)

where 75, Yout, Vsat, and p are the input amplitude, the output
amplitude, the saturating amplitude, and an integer, respec-
tively. The nonlinear distortion is characterized by the input
back-off (IBO) defined as

Tout =

~ A . V@Zat

IBO = 10log;, Pra)
where Pr,, denotes the average input power.
The simulated BER performances when HPA is used at
the transmitter are shown in Fig. 10. We consider the both
the Rayleigh and the AWGN channel. In both the channels,
the BER performances of the proposed scheme are much less
degraded than the OFDM transmission with no PAPR reduc-
tion, since the lowered peak power prevents significant signal

distortion.

(39

VI. CONCLUSION

This paper proposes a novel PAPR reduction scheme with low
complexity at the transmitter. The proposed scheme requires
only a single IFFT processor at the transmitter since the can-
didate symbol generation and selection process are all done in
time-domain. In addition, it requires less computational com-
plexity than the conventional methods. More importantly, the
proposed scheme offers far superior performance to the conven-
tional methods, such as CSPS and OCSPS, in terms of the CCDF
of the PAPR.

The ML detector for the transmitted source symbols, which
do not require the SI at the receiver, were derived. The simple
ZF and the MMSE estimators for the transmitted source sym-
bols, which are available when the SI is given at the receiver,
were also derived. The ML detector shows the better perfor-
mance than the hard decisions with ZF, MMSE estimators and
the unprocessed OFDM symbol in terms of BER. The hard deci-
sions with the ZF estimator shows nearly the same performance
as the case of the unprocessed OFDM transmission and the hard
decision with MMSE estimator shows 1.0-1.5 dB superior per-
formance to the ZF case.
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Fig. 10. Biterror rate performance of the proposed scheme over (a) AWGN channel and (b) Rayleigh 10-tap frequency selective channel when SSPA with IBO =

5 dB (or 8 dB) and p = 2 is equipped in the transmitter.

APPENDIX A

Equation (15) is proved as follows. For the notation
brevity, we use my; instead of ml(u) and abbreviate cos § and
sinf as ¢ and s, respectively. Suppose an OFDM symbol,
which is the output of the IFFT processor, is written as
Xg = [33070,51}0’1,"',.’L‘O,Arfl]—r. Using (8), the candidate
symbol from the first JROF is given as

Tin = 7)0,n6 - 71)07”3 + ,j(7)0,71.+'rr113 + “}O,'n—‘,—mlc) (40)

where n is the sample index (0 < n < N — 1) and mn is the
sample offset in the quadrature component for the first JROF.
Taking this as the input, the candidate symbol from the second
JROF is obtained as

T2.n =V1nC— Wins + j(’l)l,'ll+7’ng‘s + W1, n+4msy C)
= (V0,0 — W0 n8)€ — (V0 sty 8 + W0 ntm, €)8
+ j(v(),n+mz C — Wy ntmy 3)3
+ j(UO,‘rH»ml +ima 8 + WO, n4mq +mo C)C

(41)

where my is the quadrature sample offset in the second JROF.
Similarly, the output from the third JROF is written as

T30 =02 nC— W2 1,8+ J (V2 1 8+ W2 ngims€)
={(v0,nC— w0 n8)C— (V0 ntm, 8+ W0 ntm, €)8} €
—{(v0,n4m2 €= Wo,n4m. 8)8
+(7)0,'n+m1+m23 + Wo,n+4m, +myC)E} 8

+j{('UO.,n+m3C_wO,ners’s)c

~(V0,n+my+ms8FWO ntmy+m,C)8} 8
+.7{(7)0,'rt+'rrtz+rrtgzc_71)0,n+m2 +mg 3)3

+ (7)0-n+m1 g +ma 8T W0 ntmy+matms c)c}c~ (42)

In the same manner, the candidate symbol from the 1th JROF
can be generalized as

Lim = Z (0500 mti + Bitwo nti)

1€

1€ —

+3 (Vv n+i + 0iwg nti)  (43)

where §2; is a set of sample indices and consists of a sum of all
possible combinations of the elements in {0, 11, mia, - -+, 1 };
the weighting factors «;, 5;, i, and §; are products of [ si-
nusoidal functions. For example, in the case of [ = 3, Q13 =
{0, M1, Mo, M3, 1M + Mo, My + 1103, Mo + 113, M1+ M2 —|—m3}
and 2> = {0,mq, ma, m1 + mso}, which results in 23 — Qg =
{ms,m1+msz, ma+ms, my+ma+ms}. Thus, we can rewrite
(42) as

Tin =
1€

n Z (0ivo nti + Biwo nti)

+i Y (Vivomti + Biwonti)  (44)
i€ -0y

where oy = ccc, Qpy = 85C, Gy, = €88, and Qg 4m, = 5CS.
We can also easily find 3;, ~;, and é; by the same manner.

Given the fact that the samples in an output OFDM symbol
exhibit Gaussian-like distribution, we can regard z;, as a
weighted sum of Gaussian random variables. In order that
%1, is generated from all of vy ; and wy ; for 7 € €); with the
same weighting factors, the absolute values of them should
be the same. For this condition, § should satisfy the equation
| cos 6| = | sin #| where the solutions are § = £7% + 7. Without
loss of generality, we choose f# = 7.

In order to show that a random sequence improves the PAPR
reduction performance of the proposed scheme, we consider
three different types of phase rotations and offsets. For the phase
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Fig. 11. Performance comparisons among the various phase rotation and the
offset with &'’ = 8, L = 8 in terms of the CCDF of the PAPR when the IFFT
size N = 256, the oversampling factor ¥~ = 1, and QPSK mapping are used.

2 and random phases are considered as well as T

rotation, % 1-
For the offset, constant offset and linearly increasing offset are
considered as well as the random offset. The offset ml(”') is ex-

pressed as

ml(u):L =1L, u=1,---,U (45)

for the constant offset

77L§7L) =(uw-1)L+1, I=1,--- L wu=1,---,U (46)
for the linearly increasing offset.

Fig. 11 shows the simulation results, where the phase rotation
of 7 and the random offset work together to provide the best
performance.

APPENDIX B
DEFINITION OF THE X-MATRIX

Definition 1: Let A be an m X m square matrix where m is
an even number. A is an X-matrix if it follows
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(b) Only (1,1) component of A can be a nonzero value at the

first row and the first column.

The X-matrix, denoted as X, is given at the bottom of the
page, where x; ; is (¢, 7) entry of X. Since the nonzeros values
are on the shape of alphabet X, we name these forms of matrices
X-matrix.

We can easily find by basic matrix calculations that X-ma-
trices follow the lemma.

Lemma I1: Let A and B be m x m X-matrices.

(a) A" is an X-matrix, if A is an X-matrix;

(b) A + B is an X-matrix;

(c) AB is an X-matrix.

APPENDIX C
PROOF OF PROPERTY

Proof: Fl("') consists of four submatrices and each of them
is a sparse matrix called X-matrices.
As shown in (11), R, ) consists of four submatrices and

T

all of them are circulant matrices. Some properties of circulant
matrices are given in Theorem [ and 2 [29].

Theorem 1: Let A and B be m X rn circulant matrices.

(a) for any scalar a: and 3, «A + DB is circulant;

(b) for any positive integer 7, A" is circulant,

(c) A1 is circulant, if A is circulant;

(d) AB is circulant.

Theorem 2: Let A be the m X m circulant matrices
cire{ar, -+ -, tm ). Then

1
A= —D,AD" 47)
m

where A = diag(éh e (5m)’5k =a +a2)\i_|_. . ._|_am)\']r:—1’
and Ay, - - -, Ay, are the m solutions to the polynomial equation
A" — 1; that is, A\, = %1, where f = exp(2%L).

It can be easily shown that the four submatrices of Gl(") are
circulant by the definition of Gl(u) in (13) and Theorem 1. 1f we

apply Theorem 2 to each submatrix of Ggu) , it can be rewritten
as

1 [DaARDE | DyAR DY

(a) For the k£th column, the nonzeros values are located only G;“) —— (48)
at the kthrow and N — kthrow, for1 < k < N — 1. N DNA,(;)D% ’ DNA](E)DE'
[ X0.0 0 0 7
0 X1,1 0 0 X1.N-1
: 0 X,22 0 0 X2,N—2 0
0 0
X = ) .
XN/2,N/2
0 : 0
0 Xn-22 0 0 XN-2N-2 0
L 0O XN-1,1 0 e 0 XN-1,N-14
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where Aﬁ"), Ag), \1(3)’ and A(4) are eigenvalue matrices of
the four submatrices of G g 2 , respectively. Substituting (22) and
(48) into (26), F,V("') can be found as

oy | @y
(I)(") (Dl(j:t)

=Re(Dx)Dx AL DY Re(Dy)
+ Im(Dx)D v Ajs DR Re(Dy)
+ Re(Dy)Dy AV DEIm(D )
+Im(Dy)DyAYDEIm(Dy)
o™ = — Re(Dy)DyADEIM(Dy)
)

)

)

)

1

Fi = (49)

where
()
‘I)z,1

N
(50a)

—Im(Dy)Dy IQ)DA Im(Dy

+ Re(Dy)DyAYDERe(Dy

+Im(Dy)DyALYDERe(Dy
— Im(Dy)DyAYDERe(D y
+Re(Dy)DyAfy DR Re(Dy)
— Im(D DN AL DI (D y)
+Re(Dx)Dy AL DRIM(Dy)
— Im(Dy)Dx A( )DH I(Dy)
— Re(Dn)DyALDEIm(Dy)
— Im(Dy)DN AL DTRe(Dy)
+Re(Dx)DyALDERe(Dy).

(50b)
o) =

)

(50¢)
o -

)

(50d)

On the other hand, the columns of Re(Dyy) and Im(Dy) in
(50) are discrete cosine and sine waveforms respectlvely, which
can be expressed as

Re(Dy) = {cos (%”o-r) - cos (%”(N - 1)-7)} ,

Im(Dy) = |:Sill (2%() - 7') -+ -gin <2§(N —-1)- T)] (51)

where 7 = [0 1 --- N — 1]7. The kth column of DY Re( N)
in (50), DY, LOb(zrk‘ 7), is the IFFT result of cos( =k - T)
where only both kth and (N — k)th entries of DY; Coq( z”rk T)
have nonzero values. The same result can be found on
DR sin((27/N)k - 7). This is a well-known result in that the
inverse Fourier transform of a sinusoidal waveform produces
two impulses at the symmetrical frequency positions. There-
fore, we can conclude that both DR'TRC(DN) and D?‘VIm(DN)
are X-matrices. We can also induce based on the Lemma 1-(a)
that both Re(Dx)Dy and Im(Dy)Dy are X-matrices, since
they are Hermitians of DY Re(Dy) and DEIm(Dy ), respec-

tively. Since <I>§ K), -,4 in (50) are sum of sequential

multiplication of X-matrices, it is induced that (1)1(1:) is also an

X-matrix from the Lemma 1. Therefore, the four submatrices
of F*) are X-matrices. n

Proof: Fgu)f( induce that X; and Xpy_; share two
subcarriers.

k=1,--
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Let Z = [Z(],Zl, s
expressed as

, Zon-1]T be Fl(")f(. Then 7 can be

7 =F"X
ey | ey [Re(X)}
N2 w Im(X
oy | gy ] Im)
1 {)l(lll)Re(X) +¢ ”)Im(X) 52)
N? [ @ Re(X) + @/ Im(X)
where 7 _is a_ split vector which satisfies that
7= [Zo, %1, Zna)" + jlZn. Zns1, -, Zan—1]T. We

can rewrite (52) as

Z= " Re(X) + 05 Tm(X) +j {<1>,§fg) RC(X)+<1>§j;)Im(X)} .
| ’ | (53)

= 1,---,4 are X-matrices, we can
— 4)th entries of Z as follows. For

Using the fact that <I>(“) K
derive that the ¢th and the (N
1<i<§-1

Re(Z:) = ¢} Re(X,) + 6Ly Re(Xn 1)
+ 67 Im(X;) + 67y Im(Xn ),
In(Z;) = ¢} ;Re(Xi) + ¢F n_;Re(Xn )

+ gf)jﬁ,,-lm( X+ d).,;’Nf,,-,Im(XN,.,;) (54a)
and
Re(Zn _i)=¢x _; ;Re(Xi)+¢n i v _iRe(Xn i)
% i Im(X) + R v Im(Xn ),
Im(Zx - i)=¢% _; ;Re(X)+ 0% i v _iRe(Xn i)
+¢n o Im(Xo)+ oy ;v Jm(Xn_i), (54b)
where ¢f; is the (4, 7) entry of <I>l( F), % = 1,---,42. There-

fore, we have proved from (54) that two source symbols X; and

X n_; share two subcarriers Z; and Zn ;. [ ]
w) . . - uw)~?t u)’

Proof: Fl( )isan orthogonal matrix, i.e., FE = Fl( .

Using the definition of the JROF process, the inverse matrix

of R, in (11) is easily found as
Yy
Tcos# ‘ P (nsind
R = - I (55)
0.my —Isiné ‘ P, o cos .
1

which satisfies R = RT ) If we note that product of

orthogonal matrlces is also orthogonal itis induced that G( ) is
orthogonal matrix from (13). Therefore, we can see from (26)
that F}*) is an orthogonal matrix. |
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